Poisson-Lie Duality in the String Effective Action 



A. Bossard|^ and N. MohammediQ 



Laboratoire de Mathematiques et Physique Theoriqu^ 
Universite Francois Rabelais 
Faculte des Sciences et Techniques 
Pare de Grandmont 
F-37200 Tours - France. 

O 
O 
(N 

Abstract 

m 

^SJ ' The symmetry properties of the bosonic string effective action under Poisson-Lie 

duality transformations are investigated. A convenient and simple formulation of 
these duality transformations is found, that allows the reduction of the string ef- 
fective action in a Kaluza-Klein framework. It is shown that the action is invariant 
provided that the two Lie algebras, forming the Drinfeld double, have traceless struc- 
\^ i ture constants. Finally, a functional relation is found between the Weyl anomaly 

' coefficients of the original and dual non-linear sigma models. 

o 

Oh: 

> 

X 



^e-mail: bossardOcelf i . phys . univ-tours . f r 
^e-mail: nouriOcelf i .phys .univ-tours . f r 

^CNRS UMR 6083 



1 Introduction 



Duality transformations have played an important role in modern string theories. Target 
space duality (T-duality), in particular, connects seemingly different backgrounds in which 
the strings can propagate ^ . String backgrounds and their dual fields can be considered 
as different descriptions of the same physical system. In other words, they represent the 
same point in moduli space of a given string theory. It is therefore crucial to analyse the 
different forms of T-duality in order to better understand the moduli space features of 
string theory. 

The T-duality transformations (unlike S-duality) are formulated at the level of the 
two-dimensional non-linear sigma model. There are, however, no general methods for 
constructing these transformations. One of the leading organizing principle in the first 
studies of T-duality is undoubtedly the notion of symmetries. If the background fields of 
the sigma model possess Abelian isometrics then it has been shown [Q that obtaining of the 
dual theory is straightforward: One gauges these symmetries and imposes zero curvature 
constraints on the gauge fields by means of Lagrange multipliers. The elimination of the 
gauge fields through their equations of motion, after a convenient gauge fixing, leads to 
the dual sigma model. The Lagrange multipliers are promoted to propagating fields in 
this dual theory. An important feature of the Abelian case is the possibility to reverse 
this procedure and obtain back the original model from the dual one. This is due to the 
fact that Abelian T-duality preserves the symmetries of the original sigma model. For 
sigma models with background fields possessing non- Abelian isometrics an exact analogue 
of the above method has been shown to apply as well [||. However, the symmetries of 
the original theory are not preserved and non- Abelian T-duality is not reversible |Q . The 
formulation of these two kind of T-dualities in terms of canonical transformations p, Q 
is a check on the classical equivalence of a sigma model and its dual. 

A major step in the search for criteria to find duality transformations connecting non- 
linear sigma models was made by Klimcik and Severa [^. It deals with sigma models 
based on two Lie groups and the corresponding duality transformations are known as 
Poisson-Lie T-duality. Their method relies no longer on the presence of symmetries in 
the backgrounds of the sigma model. It uses, instead, a very specific feature of duality: 
Namely, the interchange between the equations of motion of the original theory and the 
Bianchi identities of the dual model. They discovered that two non-linear sigma models, 
built on two Lie groups, are dual to each other when the two corresponding Lie algebras 
form a Drinfeld double. A further step towards the understanding of the quantum aspects 
of Poisson-Lie duality has been taken in j^. There a path integral formulation of this 
duality is presented and more importantly the transformation of the dilaton field is found. 
It is worth noticing that Abelian and non- Abelian dualities are particular cases of Poisson- 
Lie T-duality. The reversibility of Poisson-Lie duality transformations is explicit in this 
construction and resolves, therefore, the problem encountered in the case of non-Abelian 
duality. 

It is not sufficient, however, to formulate duality transformations between non-linear 
sigma models at the classical level. A treatment of these dualities at the quantum level 
must be carried out. This is the only way to find out whether the two string theories cor- 
responding to these two sigma models are equivalent. If the quantum aspects of Abelian 
duality are by now well understood, the situation regarding non-Abelian duality has re- 
mained, until recently unclear. Its study has revealed some intriguing issues: It was 
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noticed in that the beta functions of two particular sigma models related by non- 
Abelian duality are not the same and the two models are, thus, quantum mecanically 
inequivalent. A global investigation of the origin of this problem has been carried out 
in [|ri|]. There, it has been shown that the original model and its dual are inequivalent, 
whenever the structure constants of the Lie algebra, generated by the Killing vectors, have 
non- vanishing traces. Subsequently, it has been explicitly shown , using supersymme- 



try as a computational tool, that, if the original sigma model is conformally invariant, 
then its dual has vanishing Weyl anomaly coefficients too. More recently, the functional 
relation (first investigated in for Abelian duality) between the Weyl anomaly coeffi- 
cients of the original model and its dual, under both Abelian and non-Abelian dualities, 
has been formally proven [Q. This is found by using, at the level of the sigma model, 
a formal path integral procedure to implement Abelian and non-Abelian dualities. The 
desire to give an independant derivation of this functional relation by a less formal ap- 
proach has motivated our previous paper . Our strategy has been inspired firstly, by the 
reduction of the string effective action in the presence of isometrics [l^, ^ and sec- 
ondly by interesting investigations regarding T-duality beyond the one loop level []TB|, ^ . 
Our central tool in showing the equivalence of the two string effective actions correspond- 
ing to the original sigma model and to its dual under non-Abelian duality, has been the 
use of Kaluza-Klein decomposition of the different string backgrounds. This allows for 
a much simpler formulation of non-Abelian T-duality transformations. We have shown 
that a functional relation holds between the Weyl anomaly coefficients of the two models 
regardless of the conformal properties of the original theory. 

The aim of this paper is to carry out a quantum analysis of Poisson-Lie T-duality. 
This duality is a canonical transformation and two sigma models related by Poisson-Lie 
duality are, therefore, equivalent at the classical level [^U|, In the literature, only 
few examples of sigma models related by Poisson-Lie duality have been treated at the 
quantum level ^ Q . However, no studies exist for a general Poisson-Lie dualizable 
sigma model. This problem will be tackeled here at the one loop level. We will employ the 
techniques developed in in the case of non-Abelian duality, to examine the behaviour 
of the string effective action under Poisson-Lie duality. This treatment is valid for both 
critical and non-critical bosonic strings. The use of Kaluza-Klein decompositions of the 
string backgrounds is essential here. 

The outline of this paper is as follows: In section 2 we recall the origin of the Poisson- 
Lie T-duality transformations at the level of the non-linear sigma model and introduce our 
notations. In order to cast Poisson-Lie duality transformations in a symmetrical form, we 
are naturally led to the introduction of "intermediate" background fields. A Kaluza-Klein 
reparametrization of the different backgrounds involved in the analysis, enables us to find a 
simple form for the Poisson-Lie duality transformations. The use of this decomposition in 
the reduction of the low energy effective action of string theory is the subject of section 3. 
It is shown that a sufficient condition for the invariance, under Poisson-Lie duality, of the 
reduced string effective action, is the vanishing of the traces of the structure constants 
of each Lie algebra constituting the Drinfeld double. In section 4 we explain how our 
results concerning the invariance of the string effective action invariance, combined with 
the calculations made in 0, can be used to extract the expected relations between the 
Weyl anomaly coefficients of the original model and those corresponding to its dual. To 
illustrate our results, we apply our formalism to two explicit examples in section 5. Finally, 
in section 6, we present our conclusions and sketch possible developments of this work. 
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Useful identities and the details of the computation are left to an appendix. 



2 Poisson-Lie Duality 

In this section we recall the main features of the Poisson-Lie T-duality at the level of the 
sigma model and introduce new redefinitions to make the duality transformations more 
symmetrical. Poisson-Lie duality is based on a Drinfeld double T> corresponding to two 
Lie algebras Q and Q. The generators of Q and Q are denoted respectively and T"" and 
satisfy the commutation relations 

[Ta-, Th] = fab^c, 



[T,,f']=tT,-flf'^. (2.1) 
The structure constants f^^ and f^'^ are subject to the Jacobi identities 

re red rc rde rd ree rc rde , rd rce /n r\\ 

JabJe ~ JeaJb JeaJb JebJa JebJa • K'^"^) 

The Drinfeld double T) is equipped with an invariant inner product <, > with the following 
properties 

< Ta, n >=< f\ >= , < Ta, >= 5'a , (2.3) 

and 

< ITaI-\ Tb >=< Ta, I-'TbI > , (2.4) 

where Ta stands for Ta or and / is an element of the Lie group D corresponding to V. 
The following definitions are also needed 

9'^Tag = a{g)jTb, 

g-'f^g = h{gtn + a-\g\''f\ 

Il{gt = h{gra{g)^' , (2.5) 

where g is an element of the Lie group corresponding to the Lie algebra Q. 
The original sigma model is defined by the action 

S = j dada[p^^dx^'dx'' + P^^lig-^dgyBx" + P'^^lf^dx''{g-^dgf 

+Eab{g-'dgr{g-'dgf - -^R^^^^] , (2.6) 

where R^"^^ is the curvature of the worldsheet. Since the background fields (P, P^^\ P^'^\ E, ip) 
in this action depend a priori on the group elements g, the model, in general, has no isome- 
trics. This lack of symmetry is typical of Poisson-Lie duality. The backgrounds appearing 
in this action are given in matrix notation by [| 



P = F~ F^'^UEQ--'F^'\ P(i' = EQ-'F^'\ P^^) ^ ^(2)g-i^^ 

E={Q-^ + ny\ (^ = (^o-lndetQ~i+lndetE . (2.7) 
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The matrices (F, F^^\ F^'^\ Q) and the scalar field <^o are all functions of the variables x'^ 
only. 

The dual sigma model is given by 

S = j dad(j[p^,dx^dx'' + P^^\{g-^d~g)adx'' + P'^^l ^dx^'{g-^d~g)b 

+E-\~g-'d~g)aCg-'d~g), - ^R^'^^] , (2.8) 

where g is an element of the Lie group corresponding to Q. The backgrounds of the dual 
theory are related to those of the original one by 

p = F-F^'^EF^'\ P^'^ = EF^'\ p(^) = -F^^)E, 

E={Q + fiy\ = (^0 + lndetE , (2.9) 

where Il{g)ab = biS)) cJ^isiY b defined as in ( |2.5| ) by replacing untilded quantities by 
tilded ones and vice versa. 

The transformations for the two dilatons (f and (f have been obtained in [^] by quan- 
tum considerations. These calculations were based on a regularization of a functional 
determinant in a path integral formulation of Poisson-Lie duality. This is consistent with 
previous transformations of the dilaton obtained for Abelian and non-Abelian T-dualities 



Notice, however, that the Poisson-Lie duality transformations ( p.7| ) and ( p.9| ) are not 
explicitly symmetric. Namely, one would like to pass from one group of relations to the 
other simply by replacing untilded symbols by tilded ones and vice versa. A remedy to 
this can be found by introducing the following quantities 

Q = Q-\ = QF(^) , = -F(2)g , 
F = F - F^^^QF^^\ y^o = ^o + lndetQ . (2.10) 

In terms of these new tensors, the backgrounds of the original theory are given by 

P = F-F^^^EF^'\ P^'^ = EF^'\ pi^) = -F^^^E, 

E = (g + n)-\ = + lndetE . (2.11) 



One sees, indeed, that the backgrounds of the dual ( |2.9| ) are now obtained from ( |2.11| ) by 



simply replacing untilded quantities by tilded ones. This becomes a crucial point when 
dealing with the string effective actions corresponding to the two sigma models. Notice 
that if one takes a dual Abelian group (/"'' = 0) then one finds 

li^' = Q,liab = ycf:b. (2.12) 

where Ua are local coordinates characterizing the group element g. We have in this case 

E'^' = {Eab + ycfab)-' , (2.13) 

recovering thus the usual non-Abelian duality. Similarly, choosing the original group to 
be Abelian leads then to a symmetric version of non-Abelian duality. It is amusing to 



notice that the redefinitions (|2.10|) have exactly the same form as the Abelian T-duality 



transformations relating a sigma model with backgrounds (F, F'^^\ F^'^\ Q, lpq) to its dual 
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with backgrounds (F, F^^\ F^'^\Q,(^q). Furthermore, the expressions in ( |2.11| ) are of the 
same form as non-Abehan T-duahty transformations except that the 11'^'' term replaces 
the y'^/c* of non-Abehan duahty. 

Since the expressions of the backgrounds of the original and dual theories are now 
explicitly symmetric under the exchange of tilded and untilded quantities, we will deal 
only with the original theory in what follows. In order to address the question of the 
invariance of the string effective action under Poisson-Lie duality transformations, we 
need to rewrite the action (12. 61") in the usual standard form 



S = I dada[{GMN + BMN)dX^'dX^ - ^i?^'V] , (2-14) 

where = {x'^, y*) and ?/* are local coordinates on the group manifold corresponding 
to Q. The metric Gmn, the antisymmetric tensor Bmn and the dilaton ip are then easily 
identified. The vielbeins are introduced through {g^^dgY = e^{y)dy^ and verify 

d,e^-d,e^ = -f-^e^e'^^. (2.15) 

In analogy with the non-Abelian duality case |^ we use a Kaluza-Klein decomposition of 
the different backgrounds. In this decomposition, the Poisson-Lie duality transformations 
take a simpler form. It is convenient for this purpose to introduce the following notations 

Eat = Sab + , Q"' = (SoT' + (voT' , {AoT' = {voT' + W^' , (2.16) 

where Sab and (Sq)""^ are symmetric while Aab, ("^0)°*, (^0)°'' and 11''^ are antisymmetric. 
We start by introducing the "intermediate" backgrounds as follows: A symmetric part 
given by 



(Go, 



MN 



gfiu + {Soy^t^atiyb tfj_a{So)°''' \ (9 T7\ 



and an antisymmetric part 



Notice that all the components here are functions of the coordinates x'^ only. 
The above decomposition allows one to reparametrize the metric Gmn as 



(2.18) 



G 



MN 



V-h- h 



while the antisymmetric tensor Bmn can be decomposed as 



^^^^ - I -5,. ] ' ^^-^^^ 
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where 



yk 

hij 

hj 

Eab 



\ab 



)b 5 



S^iAabG^j , 
Sab + ^afe 



(5c 



From the last equation in (p.21|) , important relations are derived 







(2.21) 



(2.22) 



They will be fundamental in the reduction of the effective action in the next section. 

Similarly, by decomposing (F , F^^\ F'''^\ Q) as in ( |2.17|j2.1^ ), the backgrounds of the 
dual theory have the Kaluza-Klein reparametrization 



G 



MN 



and 



where 



B 



MN 



la 

^ab 



\'(^y.kBl 
-B\ 



V.kBl) 



(2.23) 



(2.24) 



-tlCS^)J''' + u,aA 
iiA'^'ei 



k ) 



~k 

1 



b ' 



gab ^ j^a 



ab 



(2.25) 



Notice that the dual relations of ( |2.22D can be derived from the last equation of ( |2.25| ). 

In this decomposition, the Poisson-Lie duality transformations take the following sim- 
ple form 



(5c 



\ab 









b/iu } 






/a 








t/ia 




\ab 
0) 


= ((^o) 



where we have defined 



u 



ab 



ab 



U, 



tiibivo) 

Una - t{Vo 



ba 



^ba 



(2.26) 



(2.27) 
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The last equation of the Poisson-Lie duahty relations ( |2.26| ) implies 

iSof{So\^ + {vor\v,\^ = 5: , {s,r\v,\^ + {v,r\s,\^ = o . (2.28) 

Again, these relations will be useful in showing the invariance of the reduced string effec- 
tive action under Poisson-Lie duality. 

As is well known, the Kaluza-Klein reparametrization has other important advantages. 
Firstly, it enables one to calculate the inverse metric straightforwardly and, consequently, 
the scalar curvature. In our case, the inverse of Gmn is 

where Greek indices are raised and lowered with the metric g^y while latin indices are 
raised and lowered with hij whose inverse is h^^ . Secondly, the determinant of the metric 
Gmn, is simply given by 

det Gmn = det g^^ det h^j . (2.30) 

These last two properties will be useful in the next sections. 

In order to complete our decomposition of the backgrounds, we deal now with the 
reparametrization of the dilaton field. Recall that the dilaton in the original theory is given 
hy ip = ipo + hi det E and its counterpart in the dual theory is written as (p = (pQ + \a det E 
with ipo and (po related by ^jq = <^o + In det Q. Now, using the fundamental relations 
( P^.22 ) one can shown that ESq = S{E~^y where t denotes the transpose operation. As a 
consequence we have 

lndetE= ^Indet^- ^IndetSo (2.31) 

It is convenient to use the following decompositions for the dilaton field 

(p{x, y) = ipix, y) + e{x, y), ipo{x) = ipo{x) + 6'o(x) , (2.32) 

where 6* = | In det hij and 9o = det 5*0. The dilaton relation from ( p.llj ) then gives 

^ = ^/,o(x) - In det e{y) . (2.33) 

Similarly, the dilaton in the dual theory is decomposed as 

<p{x, y) = ^jj{x, y) + e{x, y) , (pq{x) = ijjo{x) + Ooix) , (2.34) 

where 6' = | In det h^^ and 6*0 = | In det 5*0. In the same way, the dilaton expresson in ( pi3| ) 
leads to 

^ = ^q(x) - In det e{y) . (2.35) 

Furthermore, from the fundamental relations ( |2.28| ), one shows that QSq = SqQ^ which 
in turn yields 

IndetQ = ^IndetSo - ilndet^o • (2.36) 
Consequently, the expression yjo = <^o + In det Q, gives 

V'o = ^0 • (2.37) 
All these relations will be our main tools in the next section. 
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3 String Effective Action 



In this section, we deal with our main concern in this paper, namely the invariance under 
Poisson-Lie T-duality of the effective action of bosonic string theory. It is well known 
that the string effective action is connected to the two dimensional non-linear sigma 
model through the Weyl anomaly coefficients 

Pmn = Rmn + ^AidNf — -^HmpqHn^^ , 

= -\v'v> + \dp^d^^~^^HMNpH'''''-^, (3.f) 

where A is a cosmological constant which vanishes for critical strings. Our analysis applies 
also to non-critical strings, i.e. when A is different from zero. Hence, we will keep A 
throughout this paper. The Weyl anomaly coefficients (the beta functions) can be derived 
as the equations of motion of the string effective action 

T[G,B,y^] = J d'^xcTyy/Ge-'^L , (3.2) 

where L is given by 

L = R + 2yMd^'ip + dMVd''ip-^HMNpH^''''' + ^ ■ (3.3) 

In this expression, R is the scalar curvature of the metric Gmn and Hmnp, defined by 
Hump = dMBNP + dNBpM + dpBMN, is the torsion of the antisymmetric field Bmn while 
if is the dilaton field. We have chosen, at this stage, to make an integration by parts in 
the dilatonic part of L. This will spare us later integrations by parts when showing the 
invariance of L under Poisson-Lie T-duality transformations. It is understood that a 
similar Lagrangian L[G, B, (p] is defined for the backgrounds of the dual sigma model. 

Let us first explain our strategy in reaching our goal: We start by reducing, with 
the help of the Kaluza-Klein decompositions of the previous section, the string effective 
action r[G,B,(p] corresponding to the original sigma model. On the other hand, the 
reduction of the string effective action T[G, B, ip] corresponding to the dual sigma model 
is obtained from that of T[G, B, ip] by simply replacing untilded quantities by tilded ones 
and vice versa. This is due to our symmetric formulation of Poisson-Lie duality. Finally, 
the expressions of the reduced actions F and F are compared using the Poisson-Lie duality 
relations (|2.26| ). 



The first result concerns the weight factor \/Ge in the action (3^). The different 



dilatonic properties of the previous section and the determinant property ( p.30| ) lead to 

v^e"'^ = det e V^e-'^o . (3.4) 

In this expression the dependence on j/* is only in det e. Similarly, the weight factor in 
the string effective action corresponding to the dual theory, is given by 

Ge-^ = det gv^e-'^o . (3.5) 
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Therefore, the two integration measures in the two theories are equal up to the determi- 
nants of the vielbeins det e and det e. We will show, in what follows, that L and L are 
both independant of the coordinates y\ As a consequence, the two effective actions V 
and r are equal up to the volume elements / dP'y det e and / d^y det e. 

With the help of the Kaluza-Klein decomposition of the metric and of the antisym- 
metric tensor given in the previous section we write explicitly the different contributions 
to L. First, the Kaluza-Klein decomposition of the metric Gmn yields the Ricci scalar 

R{G) = R{g) 

2 4 

+(-2v;d,d,vj - \d.vid,vi - d,v;d,vi - \K%Avi,d^vl 

-h'XdrVlduh^i - h''v;d,VJd,hM - h^'V^dXdjhi 

-^gf^Pg-^^^iV;, - Fp{V^, - F;,) (3.6) 
with the definitions 

v;. = d,v: - d^v; , f;, = v^'d.v: - v,'d,v; . (3.7) 

The terms have been assembled according to the number of factors of g'^'^ and the number 
of factors of V^. This separation of terms will serve as a guide in our calculation. Since 
g^u is invariant under Poisson-Lie T-duality {g^i, = g^jj) then R{g) is obviously invariant 
too. 

Second, we develop the HmnpH^'^^^ term. Using the decomposition of Gmn in (|2.29|) , 
it can be shown that 

HmnpH''''^'' = {K^ph^^P) + ?,{h^,,h^^') + ?>{h^i,h^'^) + {K,kh''^) (3.8) 

where we raise Greek indices with g^-" and Latin indices with K^^ = (e^^)^S'"*(e~^)^ with 
3°''' the inverse of Sab- Here the components of Hmnp are defined by 

{V'^H,,p + c.p.} + {V;:VlH^i, + c.p.} - V;VjV7i/H™ (3.9) 



hijk 

h,. 



h 



•'jj.up 



Hijk 

H^ij 



H, 
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where c.p. stands for cyclic permutations. Now, putting the decomposition ( p.20| ) of the 
antisymmetric tensor Bmn into these expressions, one finds 



hijk 


= dibjk + c.p. 


(3.10) 


hfiij 


= {d,b,,) + {-Vl:dkh, + {d,Br + {d,Vl:)bk. -{i^ 3)}) 


(3.11) 


hfxi/i 


= {B'^u^ + V'^M) + iKBl, - ^ v)] - U,U,, - F^^bkd 


(3.12) 




= {dM + i-V^dkb,,) + \{V^,B',, + 






+\{FlBl, + V^VlBU)+c.p. 


(3.13) 



where we have defined 





= B^i — V^bki 




= 9f,B'pi - dpB'^i 




B'ipj 


= diB'pj - djB'pi 




= V^Kk - ^uB'^k 



(3.14) 



The introduction of these new tensors is motivated by their simple expressions, as given 
in the appendix A, in terms of (t, u, So, vq, ...). In terms of these new tensors, we find 



n ttMnp 
— —n MNP-ti 



12 



where we have defined 



[hl^-^h^'h^^dkhjdib^^ - ^h'^'h'^h^^dkbijdibmn} 
+g^^-h''^y''{-^d^h,d,b^n + {dph.d^Bl^ + dpb,,d^VXn 

-V;,dibmnd^Bl^ - \dmVlbln[diVXj ' ^ j)] 



-^„y^bkn[^^Bl^ - ^ 



3)]-,,d^B'[d,Bl^-{t^j)])] 



(3.15) 



h 



(1) 



\V'BU - (/i - ^)] - 7;^^U,. - FLb 



ki 



(3.16) 



Again, the terms of ( |3.15| ) have been assembled according to the number of factors of g^j^y 
and "gauge fields" and B'^^. 

Finally, we turn our attention to the dilatonic part of L. Using the decompositions 
( |2.29|) and (|2.32| ) , the dilatonic contribution to the original effective action is 

2Vm5*V - ^AfV^^^V = G'''''[2dMdNV-'^^MNdpV-dMVdNV\ 



10 



-2G''''T\,^d,^ - 2G*^^rf,^9p0 

-G'^diipdj^ - 2G'^^di^dM0 

-G'^'^'dMedNe . (3.17) 

The following expressions for the Christoffel symbols are useful 

G^^^r^,^(G) = g^XM + g'^-li-lh^'^ak,) + id.V: + Ur^h^^d.K,)] (3.18) 

+9'''[-d^{V!,V}) - \v^^V^y'd,h,i] (3.19) 

Having listed the different contributions to L (and L) we are now in a position to 
perform the reduction of the string effective action F (and F). In comparing L and L, we 
notice that a contribution involving a given number of factors of g^^'^ in L must be equal 
to the contribution from L involving the same number of factors of g^^ . This is due to 
g^'^ = g^^^ under Poisson-Lie T-duality. Moreover, when closely examining the relations 
( ^.21| , p^.25| , [^.26D we realize that the Poisson-Lie duality transformations when acting on 



a term involving n factors of and m factors of B'^^ yield a sum of terms involving n' 
factors of and m' factors of B'^^ such that n + m = n' + m' . These two facts enable us 
to separate the Lagrangian L into different parts, each with a given number of factors of 
g^'^ and a given order + m in the gauge fields and B'^^. Each part, in this separation 
process must be invariant under Poisson-Lie T-duality, independently of the other parts. 
This decomposition of L is carried out explicitly in the appendix. 

Here is an illustrative example concerning the dilatonic contribution to L. Recall that 
there is a Poisson-Lie T-duality invariant component in the dilaton, namely ipo{x) = ipo{x). 
Therefore, equations ( [^.33| , pr^3D imply that df^ip = d^ip. Hence, the sum of terms involving 
d^ip in L must be equal to the contribution in L involving d^ip. In L, this sum is given 
by 

2G^''d^d,ilj - G^^'d^^d,^ + ^G^'d.d^^ - 2G^^^F^,^<9az^ - 2G^'d^^d4 - 2G^''d^^dMQ 

(3.20) 

A similar expression, which is obvious to write down, holds for L. When comparing the 
two expressions, the first two terms are invariant under Poisson-Lie duality due to the 
invariance of G^^ = g^'^ and d^ip. As ip{x^ y) = ipo{x) — Indet e{y), the third term identi- 
cally vanishes in L and L. Using the Kaluza-Klein decompositions, the three remaining 
terms give 

- 2d,^P{g''^T>;^M + g^'[d,V^ - V^d,^]} . (3.21) 

The first term of this last expression is invariant due to the invariance of g^'^. Furthermore, 
we have 

V,' = [t.aU"' - u'%~')l . (3.22) 
This last equation together with (|2.33|) yield 

d,V^ - Vld^^lj = flMgrt,, - u'l) - f'Mg), ^t,, , (3.23) 
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where we have used 



f^Jl"^ = ft - PMg),'^ + ftb{gr . (3.24) 



These relations can be found from the definition (|2.5| ) of 11 and by using the properties 
( |2.4| ) of the bihnear product <, > as shown in the appendix of It is clear that similar 
relations hold for the dual Lie algebra Q. 

To summarize, the comparison of the expression (|3.20|) and its corresponding counter- 



part comming from L amounts to comparing ( |3.23| ) to its dual 



d'V,, - = famcJl - u',J - flm\il , (3.25) 

Using the Poisson-Lie duality relations, this last expression transforms into 

^'V^^ - Vx^d'^P = fl'itxc - m^au'l) + flm\u'l , (3.26) 

The two expression ( ^.231 ) and ( |3.26| ) can be made equal if we impose that /^^ = 
and f^^ = 0. This ensures the vanishing of these "anomalous" terms in L and L and 
guaranties, therefore, the invariance under Poisson-Lie duality of the dilatonic part that we 
are examining. This simple criterion, as shown in appendix B, will be sufficent to eliminate 
all the other anomalous terms comming from L and L. Moreover, this is consistent with 
the results of obtained by means of path integral considerations. This is also in 
agreement with the non-Abelian T-duality case 0. 

The comparison of the other parts of L and L is treated in the appendix. The general 
steps in dealing with each part can be descrided as follows: First, we search for cancel- 
lations between the terms in R{G) and the dilatonic contribution. Then, we eliminate 



the derivatives of the vielbeins and the n matrices using, respectively, the relations (|2.15| ) 



and ( 13.241) . Secondly, we eliminate as often as possible, the contributions involving n 



matrices. This is carried out by means of the relation 

1]'^^'= + c.p. = , (3.27) 

where 

Finally, the remaining terms are gathered in groups of expressions wich are invariant under 
Poisson-Lie T-duality transformations. Two crucial points must be mentioned here: The 
invariant terms are only functions of the coordinates, while the dependence on 
is esclusively contained in the anomalous terms (the terms not invariant under Poisson- 
Lie duality). The latter vanish if we require that the structure constants of the two Lie 
algebras be traceless. Hence, after dropping the volume factors / d""y det e and / d^y det e, 
we obtain the same expression for the original and dual string effective actions. 

4 Weyl Anomaly Coefficients 

Having established the invariance of the string effective action under Poisson-Lie duality 
transformations, we turn our attention now to the Weyl anomaly coefficients. At the 



one loop level and in the cases of Abelian [|T^] and non-Abelian dualities, it has been 
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shown that the following functional relation exists between the one loop Weyl anomaly 
coefficients of the original and dual sigma models: 

(4.1) 

where ui designates the original backgrounds {Gmn, Bmn, <f) and uj stands for the dual 
backgrounds {Gmn, Bmn, v)- In the case of Poisson-Lie duality , however, the equivalent 
of the above relation is not yet known. Our aim here is to show that the previous relation 
holds for any non-linear sigma model admitting Poisson-Lie duality. 
The results of the previous section can be recast as follows 

B, ^] = x1^\G, B, if] where C = VCe-'^L , C = \fde'^L , x = ^ • (4-2) 

det e 

The Weyl anomaly coefficients are related to the string effective action P = / d'^xd^yC by 

^(-)=EM...|^^ (4.3) 

U)' 

where the matrix M takes the form 

I ( \{GmpGnq + GmqGnp) ^C^PQ 

Mi_j^/ = /— \{GmpGnq — GmqGnp) 

^^""'^K^Gmn IP -2) 

(4.4) 

Note that M is an invertible matrix. Of course the same relations hold for the dual 
background Cj and we have 

^(^)=EM^^'|^7- (4-5) 
Using the first equality of ( [4.2| ) together with the chain rule we get 

/'--xES:M..|;§. (4.6) 

U)' U)' 

A crucial point in the following derivations is the invertibility of the matrix namely 
that the matrix |^ exists. By explicitly calculating along the lines of P in the case of 
non-Abelian duality, we have checked that this is indeed the case. Using ( [4.3| ) into ( [4.1| ) 
yields 

0-' -llUlM^^l (4.T) 



Comparing this last expression with (^4.6| ) we obtain 

xM^^, = EEI^^-'^ (4-8) 

Therefore, showing that the Weyl anomaly coefficients are related by = Yl,u) 1^/^*''^'' 
amounts to showing that equation ([4.8|) holds. 



13 



An explicit computation as in ref.|p leads to the following relations 

= det e ^ 5: ^M^^, ^ , (4.9) 
where A denotes the background {{Gq)mn^ {Bq)mniVo)- Similarly, we have 

(4.10) 

where A denotes the backgrounds {{Gq)mn^ {Bq)mn,0o)- Substituting, in this last equa- 
tion, Mxy as in (|4.9| ) and using the chain rule, we obtain 

Mxv = deteEE£^-'l^- (4-11) 
Furthermore, explicit computations lead to 

deteM,,,=E5:§M,„SJ, (4.12) 

Plugging equation ( [4.11| ) into this last expression and using chain rules, we obtain ( ^.8| ). 
This concludes the proof regarding the proportionality between the Weyl anomaly coeffi- 
cients of the original sigma model and those of its Poisson-Lie dual. 



5 Examples 

In this section, we illustrate our analysis by two explicit examples. The first one concerns 
the original non-linear sigma model as given by the action 

^ = 1 ^;M/W5^^^ + ^a6(t,^7)(^?-^9(7)'^((7-%)^-i/2(2)^(t)} (5.1) 

where g vs, & group element corresponding to a three dimensional Lie algebra. This is 
taken to be of type Bianchi II. 

The dual Lie algebra can be also chosen to be of type Bianchi II, as shown in [^. 
The dual sigma model is of the same form as above and is described by 

5 = 1 dV{/(t)9tat + E'^^(t,^)(r'5^)„(r'^^)5-^i?(2VW} • (5.2) 

The non-vanishing commutation relations for the Lie algebras of the double are given by 

[T2,T3] = ri, {f\f''\=f\ (5.3) 

[T2, = -f^ , [Ts, T^] = -Ti , [Ts, f'] =T2 + f\ (5.4) 

Choosing a parametrization such that g = e^^^e^-^^e^-^^ for the elements of the first group 
and g = e^^^ e^^^ e^^^ for the elements of the second group leads to the following matrices 
for n and 11 





( ° 


—z 






( ° 





' ] 




Z 





:) 










—X 













lo 


X 


/ 
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Similarly, the corresponding vielbeins are given by 





z 















1 









1 













u 








(5.6) 



For simplicity, we choose Q"'' = h{i)b'^^ . This allows us to calculate the matrices Eah — 
(Q + n)-i and = (Q + n)^^ 

The original backgrounds and their duals are then computed using the relations of 
section 2. The metric in the original theory is found to be 



G 



MN 



(fit) 

V G,, 



(5.7) 



where 



- hK 







zh^ {z^ + l)h^ 
V A 



(5.8) 



Similarly, the antisymmetric tensor in the original sigma model is 

/ \ 



B 



MN 



0-10 
10 

V / 



(5.9) 



with A = h"^ + z^. Notice that b^i, is equal to zero in this example. Finally, the original 
dilaton is 



On the other hand, the metric in the dual sigma model is given by 

Gmn 

where 



^(fit) 
\^ G'^ 



(5.10) 



(5.11) 




(5.12) 



with A = 1 + X h . The dual antisymmetric tensor is 



B 



MN 



/ \ 

xh^ 

y 1 

V -1 y 



(5.13) 



The dual dilaton is written as 



(5.14) 
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We come now to the string effective actions corresponding to these two sigma models. 
Notice that in this example the determinants of the vielbeins are both equal to one. This 
implies an equality between the integration factors ^jGe~'^ and They are both 

equal to w/(t)e~'^''*^*\ Finally, the two Lagrangians L\G,B,Lp\ and ^[(5, yield the 



same expression 

L = L = -i 

2 




(5.15) 



Here, a dot stands for differentiation with respect to t. 

One realizes that this expression is invariant under the transformation h 1/h with 
/ and ipQ kept unchanged. The expressions for the two Lagrangians do not depend on the 
I/* coordinates as expected from the general conclusions of section 3. Furthermore, there 
are no anomalous parts as the structure constants of Bianchi II Lie algebras are traceless 
fab ~ fa^ ~ 0- -l^^ is worth mentioning that we have carried out similar calculations based 
on this double but with more complicated choices for the tensor Q"''^. In each case, the 
conclusions reached in section 3 were confirmed. 

The second example is chosen to illustrate how the presence of "anomalous" terms, 
resulting from the non-vanishing traces of the structure constants, breaks the proportion- 
ality between the original and dual string effective actions. For this purpose, we take the 
two sigma models, the original and its dual, to have the same form as in the first example 



( |5.1| , |5.2|) . The only difference is that now the two Lie algebras of the double are Borel 



type of dimension two. A representation of this double (second paper of [0]) is 

T.-ill), M. r-^f"?). r'4\ (5.16) 



The group elements are parametrized hy g = e^^^e^^^ and g = e^'^^e'^'^^ . The matrices 11 
and n follows 





and the vielbeins are 



= n , n.,= ^ , (5.17) 



We choose also Q"'' = h{t)6''^. The original backgrounds are listed below 

fit) 



Gmn — ( g G ) '' (5.19) 



where 



and 

y 




Bmn = 4t I -1 



A' . 

^'01 

<^ = ^o(t)+ln(VA') , (5.21) 
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where A' = hiff + y'^. The dual backgrounds are obtained from these by simply replacing 
h by 1/h. This is due to the equality between the matrices 11 and 11 and the vielbeins 
e and e. As in the first example, the determinants of the vielbeins are equal to one. 
Hence, the integration factors in the two string effective actions are such that \fGe~'^ = 
VGc"^ = ^/fe-^°. The string effective Lagrangian corresponding to the original sigma 
model is found to be 

L = - 

The dual string effective Lagrangian L is found by replacing hhj 1/h in this last expres- 
sion. The last term, —8y'^/h, is not invariant under this transformation and therefore 
the two Lagrangians L and L are not equal. This anomaly is due to the non-vanishing 
traces of the structure constants of the Borel double. In fact, this anomalous term can be 
recovered from the sum 

iSo')aA-ft^'"'fi'n'^ + Vbc^'J~f + 2A^,n^7e/n^'^ - 2/|J^ff'^ - 2/,^7"6ni • (5.23) 

It can be shown, using ( p.24| ), that this combination involves either /"^ or f^^ which do 
not vanish for the Borel double. 




h 



(5.22) 



6 Conclusion 

In this paper, we have analyzed the quantum equivalence of sigma models related by 
Poisson-Lie T-duality transformations. Our results are obtained at the level of the one 
loop string effective action. An appropriate reparametrization a la Kaluza-Klein of the 
various string backgrounds has been used to give a simpler form to the Poisson-Lie duality 
transformations. As a consequence, it has been possible to cast the Lagrangian of the 
string effective action into independently Poisson-Lie duality invariant parts. On the other 
hand, the non-invariant terms have been shown to vanish if we impose the conditions /^j, = 
and = on the structure constants of the two Lie algebras of the Drinfeld double. 
These conditions are the same as those suggested in |^ in a path integral derivation 
of Poisson-Lie duality. Furthermore, we deduce a functional relation between the Weyl 
anomaly coefficients corresponding to two non-linear sigma model related by Poisson- 
Lie duality. In particular, a conformally invariant sigma model leads, under Poisson-Lie 
duality, to a dual theory with the same property. 

When dealing with the anomalous terms resulting from the reduction of the string 
effective action one wonders whether the sufficient conditions that we have imposed (the 
vanishing of the traces of structure constant) are also necessary conditions. This is all 
the more a natural question since in [|14| two sigma models related by Poisson-Lie duality 
have been shown to possess the same one loop beta functions. The equivalence holds in 
spite of a non- vanishing trace for one of the structure constants corresponding to one of 
the two Lie algebras forming the Drinfeld double. This is clearly in contradiction with our 



conclusions. The authors of ref. |TJ] use, however, a dilaton transformation which differs 
from ours. Their analysis is carried out in a strict field theory sense, regardless of the 
relationship between sigma models and string theory effective actions. The dilaton shift 
is precisely related to the diffeomorphism transformation that allowed them to conclude 
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the equivalence of the two beta functions. The results of [|T4| can be interpreted in two 
different ways: Either it is a coincidence, due to the particularity of their model, that 
led to the possibility of absorbing the anomalous terms into their dilaton shift (which is 
the same as a diffeomorphism transformation), or this is symptomatic of a more general 
phenomenon. The problem of Poisson-Lie duality when some of the structure constants 
have non- vanishing traces, obviously, requires further investigation. For instance, it would 
be desirable to compute more physical quantities like the free energy in order to check the 
real equivalence, under Poisson-Lie duality, of two non-linear sigma models. Finally, we 
strongly believe that the dilaton transformation, given in here in the context of string the- 
ory, is the correct one. These are the only transformations which lead to a proportionality 
between the integration weig hts VGe"^ and VGc"^. This is an essential requirement in 
demanding the invariance under Poisson-Lie duality of the string effective action. The 
dilaton transformation under any T-duality is, nevertheless, a complex issue as shown in 



Another interesting question is the investigation of the invariance of the string effec- 
tive action under a much larger group of dualities, where Poisson-Lie duality might be 
just a special case. In other words, one would like to find the equivalent of the 0{d,d) 
transformation group present in the case of string backgrounds having Abelian symme- 



tries ||T5|, |2^. This is suggested by our observation that the transformations of some 
intermediate backgrounds, introduced in order to simplify Poisson-Lie T-duality trans- 
formations, are precisely of the form of Abelian T-duality. Due to the complexity of the 
general expression of the string effective Lagrangian L, however, we are not able to make 
this possible hidden symmetry manifest. 

A natural extension of our work would be to push the analysis beyond the leading 
order in loop expansion, as has been done for Abelian duality p!6| , p!9[] . The resemblence 
of Poisson-Lie duality and Abelian duality, as mentioned above, makes us think that a 
similar treatment along the lines of |^6|, [1^ is possible. It is worth mentioning that there 
are two ways of dealing with duality transformations in general: The first consists in 
correcting the duality transformations order by order in the string perturbation parameter 
a' fl^, |19|. In the second approach, however, one keeps the duality transformations as 
given by the one loop order and deforms, instead, the non-linear sigma model The 



equivalence of these two methods needs a closer examination. 

Finally, our results could be of interest in cosmology models based on the string 
effective action. This is in the spirit of the ideas presented in The so-called pre-big- 
bang scenario takes, as a starting point, a string effective action where the backgrounds 
possess Abelian isometrics. However, many of the interesting models in cosmology are 
based on metrics invariant under the action of non- Abelian isometrics. The contruction of 
their duals under Poisson-Lie duality is therefore possible. This is one of the motivations 



of a recent work p5| where all the Drinfeld doubles based on Bianchi type Lie algebras 
are classified. We should mention that string cosmology requires the introduction of a 
Lagrangian for matter fields, which must be invariant under duality transformations. It 



has been shown in PU| that this is indeed possible if one chooses fundamental strings as 



gravitational sources. The role of Poisson-Lie duality in string cosmological is currently 
under investigation. 
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A Useful Identities 

Before dealing with the string effective Lagrangian L, we would like to list some of the 
relations that are essential in obtaining the reduced string effective action. First, we find it 
useful to introduce, in addition to the notations of the main text, the following definitions 





— d f — d f 




(A.ij 


la 






(A. 2) 












= /x^ ufab + i^liaU y — ^vaU ^) fh'^ , 




(A.4) 


TP' 






(A.5) 








(A.6) 




- t - F' 




(A.7) 


la 


fa ,fa 




(A.8) 


have employed are 












(A.9) 






fbiy) , 


(A.IO) 




V^x^y) = [V„(x)n'^^(y)-<,(x)](e- 




(A.ll) 




B'^kix,y) = -t^aix)el{y) , 




(A.12) 




B'^,uk{.x,y) = -t^yaix)el{y) , 




(A.13) 








(A. 14) 



[t,.a{Aor - u('^l]{e-')':{y) , (A15 
[F'.yMor + h'^Ke-'t.iy), (A16 
-[t^uaiSoT'Sbc + -u^^Aacle'r , (A.17 



B Reduction of the String Lagrangian 

In this appendix, we will collect the terms in the original string effective Lagrangian 
L = R — + 2V^(/5 — (Vv^)^. These are grouped according to the number of factors of 
g^^'^ . This separation is vital as g^^ is invariant under Poisson-Lie T-duality {g^^ = g^^). 
Therefore, each of these terms must be independently invariant. The expression of the 
dual string Lagrangian L is obtained from L by changing tilded quantities into untilded 
ones and vice versa. The Poisson-Lie duality transformations ( |2.26| ) are then used to show 
the equality between a given term in L, involving a given number of factors of g^^ , and 
its counterpart in L. 
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B.l Order zero in g^'' 

The terms without any factors of g'^'^ give 

+ dkbi.dib^^) . (B.l) 



After substituting for hij, bij and together with the use of equations (|3.271 ) to handle 



some of the terms involving 11, we find two main expressions. The first, invariant under 
Poisson-Lie T-duality, is given by 



-{fajTiS,'f\S,')^,Vo^\S,%^} 
1 
'2 



f fa -fc ( C~^\^'^ _i_ lab fed/ Q~i\ \ J f f ^ ( Q^^\'^'^ J- fbc7ad(q—l\ \ 

l/afe/cdWO ) ^ Ja Jc WO Jbdi 2'^-' "■^X'-'O ) ~^ J a J b WO )cdJ 

+ l{f^^f>0^\S,\,Vo^'iS,%VoHSo'),J 

+l{fUrvo''\S^%} - 2{fZf:'vo-iS^%} - {fTct'vo-{S^%} . (B.2) 

In this expression (and in the rest of this appendix), each contribution between curly 
brackets is equal to its dual counterpart. The second expression is an anomalous part 
(not invariant under Poisson-Lie duality) and can be cast in the form 

[Vbc&'ViS^'),a + 2fbJd^^'ViS^'),a + f:bfcd^'ViS^%] 

-2/f /-n-] . (B.3) 
It is clear that this contribution vanishes if we impose /^^ = = 0. 

B.2 Order one in g^^^ 

There are three independently invariant contributions at this order in g'^'^. The first one 
does not involve the gauge fields and B'^^. The second contains one gauge field (either 
or B'^^). The third depends on a combination of two gauge fields. 

B.2.1 order zero in gauge fields 
This order is equal to 

- Ig^^h'^^h^'^id^h^.d^h.^n + d,b,,d,bmn) (B.4) 

The following relations are needed for the reduction of this term 

dSab = -d{Sor''[SacSdb + AacAdb]-d{Aor''[SacA,, + A,,Sdb] (B.5) 

dAat = -d{Aor'[SacSdb + AacA,,]-diSor''[SacAab + AacSdb] (B.6) 
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where d stands for either or di. This is a consequence of {S + A) = {Sq + Aq) ^ 
combined with the properties 

Ao{x,y) = vo{x) + U{y) O^Ao = d^^vo (B.7) 

After substituting for hij and bij, this zeroth order yields 

- \9"'is^')aciSo%,msor%{Sor + d,iv,r%ivor] . (b.s) 

We deduce that the equivalent expression coming from the dual Lagrangian is 

- \9'''{SoT{So'f[d,{So)abdASoU + d,{do)abdu{voU • (B.9) 



It can be shown that equations (p.8| ) and ( |B.9|) are identical upon using 



-divo)cd[iSorivo)'' + ivoriSo)''] , 
divoT' = -divoUliSonSor + {vorivoY'] 

-diSoMiSorivof' + {vonSo)"'] . (B.IO) 

These are obtained from (5*0 + fo) = (•S'o + '5o)~^• 
B.2.2 order one in gauge fields 

We find two expressions at this order. The first is 

29^''V,[d,V: - Vld,^] = 2g^''V .[fUHgrUa - u'l) - fta{g), XJ • (B.ll) 

This is an anomalous contribution which vanishes when /^j, = = 0. The remaining 
contribution to this order is found to be 

+h'"'y^d^h,{d^B',n + d^VXn)] (B.12) 

In the reduction of this last expression, the terms proportional to 11 and 11^ have been 
eliminated through the use of VL"'^'^ + c.p. = 0. The final expression reduces to 



1 

Here again each expression between curly brackets is equal to its dual counterpart. 
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B.2.3 order two in gauge fields 

At this order, the first contribution is an anomalous one and is given by 

- 2g^^d,[V;{d^Vi - VidM + + V^^,^P){^^V^ - Vjdji^) . (B.14) 

Both of these terms contain djVj — Vjdjijj which has been already encountered. This part 
vanishes when /^j, = f^'^ — 0. The second contribution is the invariant part coming from 

-}LrilJ'''hi'^hjn\Tr ..TT + /jW ../,(!) 1 (B IF)) 

where we have introduced the quantities 

h^j = V^d,h, + [d,B',^ + {d,V;:)h,,-{i^j)]. (B.16) 
It can then be shown that the sum of these terms is equal to the following 



1 



4 



+HuyifLKd + t,cUjfft} + HUu'lfff^,} + HWlf^'fl}] (B.17) 

In this last expression AJ^^, = t/ib/c'^ + 'w'^/fe'c, and has the following property under Poisson- 
Lie duality: A^^ = "A^^. We have checked that each quantity between curly brackets is 
invariant. 

B.3 Order two in g'^'^ 

Here we can treat at the same time orders two, three and four in the gauge fields. The 
contribution to L, at this order, is 



h^JiV;^ - PpiV^, - F;,) + h'^ih% + h%){h% + h^.)\ . (B.18) 
Using the relations in appendix A, one can show that this contribution reduces to 

+ {o^^..a{voT\S^\,il^ - 7';.(^o"')a6(^o)%Ac}] ■ (B.19) 



Each expression between curly brackets is invariant under Poisson-Lie duality. This is 
demonstrated using the duality transformations 

a = —7' , 7' = —a , 
5-0 - AoS^'A^ = , voS^^ = -S^'vo . (B.20) 
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B.4 Order three in g^'^: invariance of h 



This contribution comes from the term hn^pM'"'^^ in the 

expression of -ff TV/ A'^P-^^ in (|3.8| 



We will show here that hfj^i^p = h^yp. Recall that 

= {dM + {-V^d,hp,) + ]^{V'^pBl, + B'^^,V:;) + \{F^^^^^^^ (B.21) 

Under Poisson-Lie duality hp^ = bp^. Moreover, both bpi, and bpi, are independent of the 
coordinates y\ Therefore, the first term is invariant and the second vanishes. The third 
term which, upon using using the relations in appendix A, gives 



^ {V;:^Bl, + B'^^,V,') + c.p. = ^{tppauZ + u'l^Ua) + c.p. (B.22) 



The duality transformations tpa = —u'pa and = — tj^ clearly show that this combination 
is invariant. Finally, the fourth term reduces to 



^{F^pBU + VpXBL) + c.p. = {{-uyitpj:, + tp,U,u'X'} 



J- J. J. Qabc 



+ c.p. (B.23) 



The first two terms are invariant under Poisson-Lie duality while the third one vanishes 
due to n"''^ + fi^™ + n^"^ = 0. 
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